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ABSTRACT 


The "Military Essentiality Through Readiness Indices 
(METRI)" technique as presented in the Interim Technical Report 
to BuSandA, February 1965, was intended to describe the basic METRI 
model, the functional relationship between transition factors and 
the ship Readiness Index, as well as develop a technique for 
allowance list determination. However, many of the technical aspects 
of the report lacked clarity, Some of the definitions were vague and 
doubly defined, and a sound theoretical justification was not 
adequately provided. The purpose of this thesis is to clarify and 
Simplify certain technical aspects of METRI, provide theoretically 
Sound models utilizing principles of reliability, and to derive the 


transition factors in a consistent and mathematically sound manner. 
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l. Introduction. 


Due to ever changing technology and the increasing complexity of 
weapons systems of our military Services, methods of improved stock-— 
ing and inventory policies for Spare parts for these systems and 
their Supporting systems heve becone mandatory. There have been a 
few Scattered attempts in the literature to approach the inventory 
and allowance problem from a systems analysis point of view. The 
Bureau of Supplies and Accounts, in its continuing effort to provide 
the best and nost reliable stocking and inventory volicies possible, 
is always alert for new developments in this area. Research, analysis 
and implementation of procedures are continually beine reviewed and 
revised to reflect the latest develonments. 

Quality control procedures were first devised to reflect the 
input of Svare parts into the military supply systems. Sarmling 
plans for both major equipment and repair parts were implemented. 
Once quality standards were established, some procedure had to be 
devised for determining which of these spares should become part of 
the on board allowance list for operating shivs of the fleet, Since 
it is not possible to stock a replacement for every item. Various 
techniques heave been developed over the years and they are continually 
being replaced by new methods. 

Recent developments indicate a tendency toward Some classifica— 
tion of "essentiality" of a particular snare part as a criterion for 
establishing allowance lists. Some procedures require the review of 


each spare to establish its relative importance with resvect to Some 


other particular part within the system. It has been pointed out [6 | 
that one of the very important foctors in the establishment of this 
essentiality or "Military Essentinlity Code (MEC)" is the requirement 
of the "expert" or appropriate technical spnecialist to make both a 
judgement of the immediate annlication of the part as well as an es-— 
timate of its relative worth to the overall system. Clearly, this can 
be extremely difficult to accomplish. For example, although a fire- 
man in an engine room may be quite familar with the operation, care, 
and replacement of burner nozzles for a burner for one of the boilers, 
it 18 unlikely that he would have a sufficient notion of the role 
played by that burner in the Anti-Submarine Warfare Mission of the 
Ship to be able to provide the essentiality estimates. In particular 
such judgements would be very subjective in nature and not necesSar- 
ily consistent. 

Indeed, few individuals are capable of comprehending the com— 
plex interactions of the many thousands of parts and envinments 
necessary to operete a naval vessel. AS indicated in [4], if a method 
can be devised which meaningfully organizes the existing areas of in- 
formation and judgement, it may be possible to further devise measures 
and allowance lists that improve militery capability over those that 
now exist. The besic goal in devising such measures 18 to improve 
resource allocation or the probability that the appropriate part will 
be available when required. 

In the soring of 1963, a project was initiated by the Navy to 


devise an acceptable allowance list technique which would provide 


either the desired level of "readiness" for any given budgetary 
constraint or the constraint to provice a particular level o° 
"readiness". The resulting technique has come to be knovm 2»: 


"Military Essentiality Through Feadiness Indices (METRI)". 


2e Definitions. 


The following terms appear repeatedly throughout this paper and 
require a definition for consistent interpretation: 

a) Structure-— a line network model or flow chart which 
represents functional relationshins of a system and its units in terms 
of Readiness Indices, (a METRI Chart). 

b) Level~ within the HETRI hierarchy (the line network) a 
structure can be broken down into SucceS8ive sub—-units until it reach-— 
es its component parts. Each successive breakdown is a level. 

c) Structure Model— a description of a structure which is 
not capable of further subdivision at the particular level of the 
line network. There are four types: 

1) Series 

2) Supplemental 
3) Alternative 
4) Collateral 

d) Readiness Index, denoted Rey? where i refers to a level, 
j refers to the is unit of the Th level — a numerical value in the 
range 4 Ri, ¢ ] which represents the degree of readiness (a meesure 
of utility) of the unit to perform its assigned function. In the 
models utilized in this paper Ras is the reliability of the unit. 

e) Unit- an element which can be distinguished os a dis- 
tinct entity, e.g., component, part, system, subassembly. 

f) Transition Factor a the value of ao transformation 


or mavping which relates the change in readiness index of a given 


Structure to a change in readiness index of a Sparable part, or any 
lower level unit. 
gz) Sparable part— a part which hans a spare or renjacement 


item that is capable or being carried on board the ship. 
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3e AsSumnptions. 

The following assumptions are basic to the understanding of the 
derivations and concepts developed in the remaining sections of this 
papers: 

a) A Ship is deployed for a cruise of length T units of 
time with specified installed and spared narts. No outside sunport 
18 to be available during time T. 

b) The Readiness Index of a component, Rey is the 
reliability (measure of the probability thit an unspared failure will 
not occur during the duration of the cruise) of that component. 

c) The underlying failure distribution of the repair parts 
is assumed to be Poisson for each individtal part. 

d) If a particular spare part has m multiple applications, 
the failure distributions of each of the m applications are indepen- 
dent. 

e) The failure rate for identical repair parts is con- 
sidered to be a constant A. 

f) The Weibull distribution "burn-in", "burn-out" portions 
are conSidered to be aweraged with all applications of the same spare 
part so that the overal! effect is the average failure rate A. 
Obviously, this is equivalent to assuming that failures are expsnent— 
ially distributed with constant failure rate A. 

g) Secondary failure ( induced failure) is excluded in 
the computations. 


h) Repair or replacement time is negligible. 
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i) Cannibalization (the remova! of functioning units 
from some inoperative equipment to replrce a failed unit in an 


otherwise operable piece of equipment) does not take place. 
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4, The METRI Concept. 


The NMETRI technique is designed to measure the "reaciness" or 
the degree to which a complex system is capable of performing its 
assigned tesk. The variable which reflects the degree of readiness 
is the Neadiness Index, a dimensSioniess quantity which varies from 
0 to 1. The Readiness Index is apvlicable first as a measure of the 
over-all system efectiveness of the ship for use as a decision cri- 
terion for over2tional decisions, and secondly a3 a mensure of the 
readiness of each unit of the total structure to verform its designed 
mission. This second application is the basis for the METI struct-— 
ural models. The total system is partitioned into subsystems and the 
Readiness Index 1S expressed as a function of the degree of readiness 
of each of the subsystems. The method of partitioning vroceeds through 
the total system in a tyne of hierarchal structure, a comosition 
beginning with the ship, 1ts missions, the equivment necessary to 
accomplish each mission, the comoonent subsystems comprising each 
piece of equipment necessary to a mission, and so on down to the 
indivicual part level. For the symbolic representation of this con- 
cept see Section 6, vage 28. 

Re rerence [2 | States: 

The index has been develoned to treat the problem 

of evaluating the degree to which a job may be verformed. 

It is not concerned with how this degradation (sic) occurs. 

It may result from failure and poor maintenance, stock—-out 

of repair varts, ynoor operation, etc. The question of how 

becomes important only in talking corrective action. The 

readiness meter must respond equally regardless of cause. 


Once the mode! 1S developed and the necessary data 
become available, the question of how this measuring system 
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is used nrises. Briefly, a readiness calculation is made 

for certain stock conditions and then varied to determine 

whether increases or decreases in 8tock give reasonable 

changes in readiness as comn-zred to the chinge in cost of 

the associated repair parts. New allowance lists may be 

calculated resulting from changes in mannprement policy 

and these evaluated by computing the resulting ship 

readiness and inventory costs. 

In order to reflect the change induced by increasing or decreasing 
stock level, a method of expressing the change in the rendiness index 
of the ship due to a change in the number of parts on board has been 
derived. The incremental change in ship readiness is reflected by 
means of the Transition “actor (T) applied to readiness change at 
other levels. The equation expressing the change in readiness of a 
part due to addition of a Spare has also been developed. 

The basic concept ot the allowance list determination i8 to 
calculate the change in the Rerdiness Index of the ship due to the 
nddition of the en spare for part i, OR (Kk, ). The essentiality 

. ¢,th : 
of this k Spare is then defined to be this change in Readiness 
Index divided by the price of the spare (p,)- Parts will then be 
Selected on the basis of eSsentinlity until some overall readiness 
is attained, or else Some budgetary constraint is Satisfied. Other 
constraints are po3sible, but will not be considered, e.g., cube, 
weight, etc. Thus the objective is to deterinine the pamber of parts 


(n,) which will maximize the Shiv Readiness Index (PR. ) subject to a 


budget constraint (C), exoressed as 


np, & © where each index 1 refers to 2 ssarable 
item 
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Havines defined the iiatl concent, the »2sic nurvose of the 
Interiz Technical Report { 2 | was to amplify on the basic elements of 
the model and describe the functional relationshin between Transition 
Factors and the Shin Readiness Index. Moreover, from such an analysis 
2 technique for estanlishing allowance lists was to be established. 
Nowever, many of the technical asnects of the above Interim Report 
lacked clarity, definitions tended to be vague and circular, and in 
Some cases, tacked Sound theoretical justification. These and other 
critical matters became the main concern of Several document reviews 
(fi1] through [3 6], [20] through [22]). 

The purpose of this thesis 1s to clarify and simplify certain 
technical aspects of METRI by carefully structuring reliability 
models of some of the basic concents documented in[o]. Once 
ap»oropriate models are defined, it 1s then possible to derive the 
Transition actors and their role in ship readiness in a consistent 
and mathemitically Sound manner. Such an analysis 18 presented in 


the ensuing sections, 
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5. Models. 


om. Series model. The units of a series model are linked to- 
gether in a linear sequence as depicted in Figure 1. The effects of 
the individual unit readiness indicies are multinvlicative, the heur-— 
istic argument being that they function as a whole, and if one unit 
fails the entire sequence fails. The mathematical mode! of such 


circugstances leads to the theory of Series Reliability models. 





Figure 1. Series Hodel 


Equation 1. he R Ror Ry 


where R ais the Series Model Rendiness Index 


u 


R. is the individual component Readiness Index, 


i 
ie | oes JN 

Example: A SerieS circuit in a radio 1S composed of five tubes 
in series. If one oi: the tubes burns out with no Spare available 
the series circuit fails. 

b. Supplement model. The units of a Supplement model affect the 
model in an additive manner and failure of any particular one does not 
necessarily cause a failure of the entire model as depicted in Figure 2. 
Each unit contributes a percentage of the total readiness index. 


Heuristically, the failure of a unit does not cause the mode} to 
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fail but can degrade the overall readiness index. The determination 
of the degradation factor (K factor) will be mentioned later in the 


paper. 





Figure 2. Supplemental Model 


n 
} e i = % Je rR eee ui = 
Equation 2. R= KR, + KR + +KR a KR, 


where R 1s the supplement model Readiness [Index 
. 1s the individual unit Readiness Index i= 1,2,°°**,n 
K, is the individual degradation factor i= 1,2,¢*°*,n 


n 
and we suppose that >. K =. 
i=l 


Example: An internal combustion engine with spark plugs serves 
to exemplify the Supplemental Model. Each plug provides a per— 
centage of the total output. The failure of any one plug does not 
cause the engine to fail. Ilowever the rated output 18 degraded and 
if all of the spark plugs were to fail without replacement the 
engine would fail. 

c. Alternate model. The alternate mode! reflects the readiness 
index of a system composed oi two units, where the alternate unit 
can perform the functions of the primary unit, but with some possible 


degradation of the readiness index of the alternate unit. 
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Suppose that 

K, represents the degradation factor for the alternate unit, 
S is the event that Unit u is successful (does not fail), 
A, is the event that the primary unit works (does not fail), 
A, is the event that the primary unit fails (does not work), 


A. is the event that the alternate unit works. 


2 

Since S = AUA, = A,U(A,-A,) = AU (AAA, ), 
pfs] -efa] + eas] p[ x, | 

where Pi | is the probability of event S , 


and it 18 assumed that 


P{ A, | 18 the probability of event AY 


p [aa] = K,R, with 9 d E i. 


Thus os = Rn, + KR, [ 1-2, | in terms o: reliabilities or 


resdiness indices. 


Ka Ra. 





Figure 3. Alternate Model 
Equation 3. R= R, + KR, [1-R, | 


Example: The ships main generator for electric power is the 
primary unit. <A diesel powered generator provides auxiliary power. 
In case of emergency or failure of the primary generator the diesel 


generator can provide main power but in a degraded (less power) 
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rating. 

d. Collateral model. OQOccaSsionally, at a given level, a non- 
essential unit may enter into the model in the sense of contributing 
a "nice to have" factor to the readiness index (degree of readiness) 
of the essential unit, say, by facilitating usage. When this is the 
case, it is necesSary to account for this factor and the correspond— 
ing model is called the Collateral mode}. However, it 18 importent 
to note that failure of the nonessential unit would not cause 
failure at that level. Consequently, when a change in the non- 
essential unit is not a consideration, the readiness index at this 
level is the readiness index o% the essential unit and the collateral 


portion of the model plays no role. 


Let Sy be the event that the unit works, 
A, the event that the essential element works and 
A, the event that the nonessential element works. 
Then, S7 Ay (ANA )U(AN Ay) s so that 


pP[s J =pP[aNa,] + 2 [4,A5,] or, 
Pfs] =P(4] = Pf 4)4,] PCa] + PLA! 4] PL 4. 


The contribution of the nonessential unit to the readiness of 


the system is indicated by a "conditional reliability", namely, 
we Suppose that 


ny¥= PL AIA, ] ana 


1 
K.rx= P[A|A,] where K, is a degradation factor, 
vA £ 
04x, 41, 
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Let Ree P [a,] be the reliability of the nonessential unit and 


ry = Pid be the reliability of the essential unit 
(which is the same as unit relinbility, R» in this 
case). 
Then, the above probability statement can be expressed in terms of 
reliabilities as follows, 
R = WR, + Kn," 
° ei + (1-K,) r, | : 


(1-R,) 





igure 4. Collateral Model 


: al 
Equation 4. ny = Ry ENG + (1-K, ) ry | 


Example. The air filter system to a diesel provides clean air 
for combustion and serves to exemplify the collateral model. The 
engine will run without the air filter but it is receiving impurity 
particles which degrade performance. 

e. Availability model. The Interim Technical Report [ 2 | 
specifies the need for an availability model and further indicates 
three ways in which availability is to be defineds 

(1) Instantaneous Availability- The probability 
that an equipment will be available (i.e., in an 
operating state at any random time T). 

(2) Average Up—-time: The proportion of time in 


a Specified interval (0,T) that an equipment is 
avallable for uSe. 
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(3) Steady State Availability: The proportion 
of time that an equipment is available for use 
when the time interval considered is very large. 


Availability is thus a function of how often an equipment fails 
and how long it takes to restore the equipment once it has failed. 

It is contended that (1) above is merely a restatement of the 
probability that an unspared failure does not occur which is the 
reliability. In the case of (2) and (3), since the basic assumption 
was that of an unsupported ship, the actual time to repair a narti- 
cular system is relatively minute with resvect to the tota! devloyed 
time, given that a spare part was available. Therefore, the system 
is in effect a sub-category of availability as defined in (1) which, 
as previously stated, is reliability. Otherwise the system is not 
reparable and would be lost during the remainder of the cruise. In 


effect, then, the Availability model is superfluous. 


ae 


6. Transition Factors Gale 


Transition factors are required in order to fncilitxte the com- 
putation of the incrementyl] change in the highest unit Readiness 
Index. The METRI structuring technique exhibits the explicit 
relationships which exist between the highest unit and any particular 
unit at some lower level. This can be found in particular between 
the highest unit and a component part at the lowest possible in- 
dividunl repair part level since there always exists a path from the 
highest unit to some individual Sparable part. 

Once all paths have been identified and labeled, the effect of 
any given lower level component on the overall system can be deter-— 
mined. 

The following paragraphs develop a general concept of the 
functional reletionships necessary to derive the Transition Factor, 
which will be subsequently considered. 

Consider the following functions: 


1) z= f(u,v) 


2) us g, (wr) 
3) v= g(x,y) 
4) we h,(s,t) 
5) r= h,(p5q) 
6) x= h,(m,n) 
7) ys h (k,1) 
where f, g. 1=1,23; h., j=l,°**,4 are functions of the variables 


1 J 


indicated. Then z may be expressed as follows: 
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8) z= £, (war x,y) where fy 18 Some function of the variables 
indicated. 


9) Z= £,(Kk,1,m,n,p,q,8,t) where f, is some function of the 


2 
variables indicated. 


Taking the total derivatives of equations 1 through 9: 


10) dz= Jf du+9¢ dv 
gu ov 


11) duzsQg, dw+Qe. ar 
= ell 


12) v= Yee dx * Qo dy 


13) dw=Q0h, ds +h, dt 


Se Se 
14) dr=Qh. dp +h. da 
2 2 
dP dq 
15) dx=dh, dm + Qh, dn 
gu gn 
16) dy= dh, dk +h, dl 
it Vi 
17) dz= Of, dw+df, dr +Of, dx +Of, ay 


w r ox y 


°) 
18) dz=-Of, ak +Qf. al +Of, dm+gf dn +Of, dp +f dq 


Sk Ae > eon gn = sor van 


Now substituting 11 and 12 into 19) 


19) i+ Be dw + Qe | +92] a, dx * Qe, ar | 


comparable substitutions can be made in equation 19) for dw, 


dr, dx and dy so that 
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29) dz= Of jog, (Qh, ds+ Qh, dt) +d¢, Qh, dp +Qh and] 
3 [de Sa Sit uae |e NT 


df ldg. (Qh, dm dh, dn) + de, Oh, dk +Qh ay 
ov fe om gn dy Ok Se 


HMowever, given that oll of the differentinls of equation 18) 
except one, say dt, are zero, then, providing dt/70; 

dy=0 since dke dl=0 

dx=0 since dm= dn=9 

dr=0 since dp= dq=0 


dwaQh. dt since ds«0 


St 
dv=0 since dx= dy=0 


du= e£, dw Since dr=92 


aw 
Making substitutions in equations 1’) through 18) 


LOA) dz=eQf du 
u 


11A) duedg, dw 
gw 


183A) dv= Oh, dt 


gt 


17k) dz= df, dw 
QW 


18A) dz= df, dt 


gt 


19A) dz= 3 RS ev 


: z=0 om d | =Of dg gh 
209A) d ake (oy t) Yg, dh, at 


Qu vw gt 


Let the symbol T 


e represent the functional relationship between 


dz and the variable Q@, given that all differentials except da are zero. 
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Thus , 10a!) dz= df du= Tau where df= dh 
u yu 


ae dz= Cea dw= T dw where Of, = 


vy ‘. Jw 


1 
18A ) dz= Of. dt= T,dt where Qf.=T 
Qt- t AE t 


but also 19a") dz= Jfdg, dw which implies T wot dz, since 
ow u ow 
dw 


and 29a) dz= df gg, dh dt which implies TY = of SE 


wi Se 


This further implies, under the assumption di=0 isk,1l,m,n,p,c,8s 


that (by equating the partial derivative terms of 17a) and 1941) 


= Of Qe, 
ya du ow 


which says that the partial of f, with resnect to w(given dr=dx=dy=0) 


| 
is equal to the partial derivative of f(u,v) with respect to u 


(given dv=0) multiplied by the pvartinl derivative of g, with respect 


to w(given dr=0). 
Also by equating the partial derivative terms of sat and 20a!) 


it is likewise true that 


Sf,= df 9 
aR R CT 


which is nothing more than the additiona! product of the portial 


derivative of h, with respect to t(given that ds=0) for the total 


1 


variable functional expression foe 


That is to say, that by holding all variables constant except 
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for the one of interest, (dt in examole), a functional relationship 
consisting of the product of partial derivatives of successive 
relationshins (Of .df, .Qh, in this examnle) is equivalent to the 
_ - 
partinl derivative (of, ). 
t 


In terins of the Ty notation, note that by Loa’, 17a? and 11) 
dz= T du = T dw 
u W 


But by 19A)  dzs Tye dw , 
WwW 


do that T = ie wa 


That is to say that T (which is a relationship between dz and 
the partial derivative of the function ry (w,r,x,y) where dr=dx=dy=1) 
is equal to T, (which is the partial derivative of h(u,v) with dv=1) 
multiplied by the partial derivative of gy (w,r) with dr=0 again a 
product of successive partial derivatives. 

Likewise by 18a) z 7 Aeond 13) 

dz= T,dt= T aw 


t 
so that eer dh 


t be Be 


and substituting 


T=TO 
W u ye 
Ww 


yields f= T icp Otay dh 
t 0 BES e. Vn ‘ 


which again 1S the successive product of partial differentials 


where all variables excent one are held constant. 


ab 


In terms of the METRI symbols let 
se be the readiness index of the ij’ unit, where 
1 represents the level, 
j represents the Fie unit of the jee level ,. 
iz 1,2,°+*,N (N is the number of levels) 
Note that j=0 when i=l; otherwise 1 4 j £ n. 


We will let Rio represent the top structure so that 


TOs £) (Ry > Ro arrtte®e nD 


Ra foj'®5,1° Bg or OR, an) Ue “anon ene 


in general 


Rs fs (Ra Riwjo7 Piley.5) j=1,2,°*°,n, 


where the Jae represents the METRI basic structure equation which 


expresses eee in terms of the Pier Kel ,2,eee ns) 


Differentiating the a expression, letting d represent the 
diffenential symbol, 
n. 


1+] 


ee my soir (i emcee Ss 
k=1 


Letting all the dk. 


)s 


. th 
4179» except the junit (dR. i 


then as previously shown 


ar..= T. .dR.. where T..is the Transition Factor. 
10 Ly 2) Lj 


Example. Reference Figure 5 and 6. The example structure is shown in 


Figure 5 and represents a dual mission ship. Figure 6 shows the 
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level breakdown and the apnlicable functional equetions and total 
derivatives of each functional equation. See Appendix B for the 
derivation of the total derivatives of each of the METRI models. 


1) f= Kyi Roy + Kyoko 


GR) gt Bo, 4Ro) + Kon@Roo 


and, letting dR, Os; 


ia Ho Ro) 


Toy Ky, = Sf 


0%) 
2) f,= R,, + K,5R,5(1-R,, ) 
dR, )* (1-K,,R,5) dR, + Ky, (1-R,)) dRy, 
and, letting dR, = ia 
dR,)= (1- K,,R,5)dRy) 
Substituting qn) into dR, , 


dR) = Ky) ( 1-Ky,Rg,) dRgy= Ty) dRyy 


where, T,,* K,,( 1-Kyo%,,) = 9f, - Of 


JRo) A%3) 


3) f,= f, 


Notice that this is a Collateral model and since (in this example) 


we are not concerned with the nonessential unit, f,= fae Otherwise 


3 


we would write 


cos 
to Al [K,0 es Ro 
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Figure 5. 
A Dual mission ship with partial structure breakdown. See Fig.6. 
for area inclosed in dashed lines. 
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Supplement Model 


Riot KoyRoy + Kookoo 


GR o= Ko) do, + KyodRoo 


mmm mem meee 


Alternate Model 


Ryo Ry) + KyoR,,(1-R 


dR, (1-K,,R.,, dR, she 
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—_—_——_— —re eee wee eee SS ee —=- <a ee ee cee ee 


Collaternol Kodel 


* 
i Rt Kyo - (1-K,.)Ry5 | 


x 
dR) = Las nm (1-K,,)| dR,) 
+ Ry OK, )dRy, 


Supplement Model 


Rat Bs1"%51 + Bsolso + Bagh55 


417 %5)9R51+ KeodReo+ Ke,dR. 4 


Supplement hfodel 


= Kt + KR 


Rei™ Koike + Kgoleo 


dR. = Ke dR.) + Kode, 


Functional Relationship of 


Rt. , with its comvonent parts 


how ° » asi r 
(series in this case)R,, Rok oh) 


AReo= RioRrg Ray + RyRy Rag 


+ RRs Bro 





in which case 


1 R | < ea 
oa [2 + (1-K,,)Ryo| dRy, + Ryy (1-K,,)dRy, 


Also, from the transition factor derivation procedures, dR” of the 


l 
Collateral model will be set to zero when considering the effect of 
the nonessential unit. Moreover, when the effect of the nonessential 
unit is not being considered, ae and hence ar,” never enter the 
formulas. Thus, in no case is it ever true that aR," >0. Continuing, 


4) f,= K..R., + K.,R-, + Keo 


4 ol Sl 02 52 53 53 


aR = c A f 
41= Ke GR, + Kod... + KodR., 


and, letting anos dh. 3= ae 


aR y= Ks, Fs | 


Substituting, 


lo al ie AT ol al 


T5)= Ty Kej- df) - Sf, - df) 


925, 9F3) Js; 


= FY 
5) fg= Kei Rey + Keo go 

Toll Gls 627 Ge 

and, letting ane = 0, 
= (4 

atl w Coe 
Substituting, 

dk, = T_,dR Kah 


197 F5)%%51= Ts) Kgot@ eo 


Teor Tey Keon Sf, + QL, 94, + OE 


5 
YF5) OF5] 9851 0%61 
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6) dh. is the change in readiness index of unit number 62 
due to the change in readiness index of itS component parts. 

The change in readiness index of unit 62 due to the addition of 
&® Spare part is the functional relationship of that part to its com 
ponents. The readiness index of the example part 72 is in sequence 
with parts 71 and 73. Therefore the change in readiness of part 72 
due to the addition of the eS ia Spare 1S given by 4h, (n+l), where 


in general, 


(Equation 5) 


BA fort) «ee mAT +1 i! (mAT)“ e qu ee . 
Set t sar 


Set 
Since 
(Equation 6) 
n Ooo 
ae Xx ° 
R.(n) = ) sun (mar) + ai)? 3" (mat)? 
J Ick} m 3: 
k=0 j=n+l 


(See appendix A for derivation of the equation). 

The change in the readiness index of the immediate parent 
assembly 62, dE eo? 18 computed by the use of equation 5 and the 
relationship of the parts to the component expression 


anos f oR, . (n+! ) - R, )ReGhzo(n+l ) 


where f is the functional relationship expressing a change in a 
parts rendiness index to the effect on the parent component. (In 


the case of the example, f,,= R,Re5) 
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Therefore the readiness of the shiv can be exvressed aS a 
function of the change in readiness of the fae part by the T-factor 
equations, for example 

dR, y= Tae 


dR) o= Tepe = Tepfg MR7o(nt1) 


The change in Ships readiness index can then be expressed in 
terms of a change in the readiness index of a part. By dividing 
this change in readiness index by the cost of the part, the change 
in readiness index per dollar cost can be expressed. Then a max- 
imunization problem can be formulated in terms of change in readi- 
ness index per dollar cost subject to a total cost constraint which 


Maximizes a Ships readiness index. 
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7. An Iterntive Technique for Allowance J.ist Determination. 


Once the Transition factors, part readiness, and the incrementnl 
change in readiness index model hnve deen calculated, the essenti- 
ality of a particular 3ypare part cnn be determined. The change in 
readiness index of the top structure due to the addition of the 

8t : th 
n+] Spare part for a particular NW Jevel component iS expressed, 
Symbolically, as 


dR, a= T, ;att, , tae) * sae j= 152500" 50. 


1 


_ ie oto ee 
Ty 573 


where N is the lowest level and j is the particular component under 
consideration. AS Shown in the last Section, aie can be represented 
as some functional relationship of all the individual sparable parts 
of the component multiplied by the chinge in readiness index for the 
aele spare added to 3upnnort a particular sparable pvart of the con- 
ponent. 
Syrabolically, 

an 5 Py PR trl ir 
where lm 18 the identification for the varticular component. 


Thus, ah, o= Ty jf AP amo) 


and, dividing atts 4 by the cost of the ree spare, C)_ 


E) intl )= dR, 4 





“im 


where Benth )= essentiality of the wee spare for the fee part. 
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In order to initiate the technique, a beginning position must 
be realized. One possible position would be with all sparable parts 
installed and operating with no Spare parts available. Making an 
assumption that, initially, the readiness index of each component 
with installed parts iS required to be some predetermined amount, 
and also the readiness index of each sparable part is required to be 
some predetermined value, Equation 5 1s used repeatedly until this 
part readiness is attained. For the METRI model in the example, 
Chapter 8 of [2], 


Le -9999999 ; i=l,eee N ; j= T,eee,n. 


Since all see are known for each level of the METPI structure, 
the Transition Factor, ae for all the components in the lowest 
level can be computed as shown in the example of the vrevious Section. 
These factors are then available for subsequent uSasce. 

The next ste» is to compute, for all Sparable parts, the change 
in readiness index due to an addition of one spare, 


AR n+] n= O.l.ece n 
im! ) 3 p ait | 7 im , 


which iS necessary to esStab!ish the predetermined rendiness for each 
sparable part. This provides a means of stopping the computations 
for AR ° 
Im 
Once AR, is determined, the Essentiality, 
a 
EB, (ntl) » n= 0,1,°¢*,n, | 
can be computed. The Essentiality values are then ordered into 


descending order and, with a given constraint on total cost available 


36 


to establish an allowance list, Spires aire added in order of de- 
creasing essentinlity until the accumulated sun of costs is equal 

to, or is as close as possible to the constraint (if the constraint 

is active) or until the desired degree of Shins readiness is attained. 
It 18 assumed that the cost constraint will usunlly be active since, 
if a choice 18 available on maxinum Rendiness Index for the overal] 
Ship, it would be 1.9. 

In the above sparing scheme, it 18 understood that when a noint 
18s first reached where the addition of a Spare violates the constraint, 
the next lower item is tested against the constraint. This procedure 
is followed until the constraint is met or the list is exhausted. 
Items for which there iS no Sparing in this scheme then contribute 
their installed readiness indices. 

It must be pointed out thit by using this procedure, a spare 
part which is added b, virtue of high essentinlity in a prirticular 
application is likely to be used in some other application of that 
spare for which no spsre was provided. This Situation could lead 
to serious consequences. However, no other particular allowance 
technique hes adequately solved this problem. The old Snare parts 
boxes used in the past would allow designation of particular appli- 
cations but this 1S considered to be a step backward in view of the 
concept of central storage. 

One possible method of accounting for this phenomenon would 
be to compute an "average" readiness Re as follows: 


AR, (ntl) is a constant for any of the m applications 
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of the ime Sperable part due to the assumed identical and independent 
Poisson distribution. Eech of the m applications wil) have a Trans-— 
ition Factor relating that application to AR, Therefore Summing 


over the m applications 


r a9} 
(AR), > Ty ify otal Ot?) 
i=] 


| 


m m 
3 = 
: (AR); =O, (n+1 ) Test ea 3 
1=] 


i=] 


then dividing by m yields an "averege" Transition function (not any 


longer a Transition Factor) which will yield a corresponding averege 


AR. 
s 


This procedure ignores high essentiality applications and would 
probably yield a much lower Readiness Index. 

Barlow and Proschan [2] have derived a procedure for determining 
the number of standby (spare) items necessary to optimize system 
reliability subject to a vudgetary constraint. This procedure is 
applicable to series tyve models (HETRI Series model is applicable), 
but there is no further develonment undertaken for other mocels. 

This concept could be further pursued. 
It 1s to this point thst the METRI Project hed advanced. 


Further developments have not been considered. 


8. Conclusions. 


This thesis has attempted to take the MNET?I Interim Technical 
Report [ 2 | end to clarify, Simplify, and interoret some portions of 
that report which are thought to be vague, lack clarity, or a sound 
theoretical justification. It 18 believed that in trying to meke 
the Series and Supplemental models extremely general and all- 
inclusive, the comolicated notation used by the METI authors mide 
the understanding oi these models overly difiicult. More could have 
been gained by utilizing a simpler model. 

The theoretical developments that were utilized in the METRI 
report were difiicult to follow and in many cases important steps 
were omitted. ‘Standard set theoretic notation 18 utilized in this 
thesis in order to tacilitate the understanding of the reliability 
interpretations ap»vlied to the Alterncete and Collateral Models. 

It 18 here proposed that the clarification of the Basic Struc-— 
ture Models utilizing relinbility theory hs provided a sound 
mathematical basis for these models. The derivation of the Transition 
Factors 1s clearly stated and a sten by stern develonoment is provided. 
In addition, a Simple exemple is illustrated utilizinz7 a complete 
structuring chart with o basic structure breakdown and the deri- 
vation of the Transition factor. 

There are many areas not covered in this thesis and one of the 
most important is the degrading factor, Keo which is used in the 
Supplemental, Alternative, and Collateral models. In each cease 


the Kr. tend to have difierent meanings which certainly does not add 
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to clarity. In the Supplemental model it is meant to be only a 
weighting factor for different components of the structure. In 
the Collaterol model it is a "nice to have" factor for nonessential 
elements which cause a decrease in reliability if not available 
but cannot cause failure. In the Alternative model it is a de- 
srading factor for a piece of equipment not operating in its 
originally designed function, but which can operate as a substitute 
for some essential but nonoperative equipment. 

A study [17 | on derating factors has recently been made and 
perhaps an endeavor Similar in nature could be investigated, in 


terms of the present probien. 
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APPENDIX A 
DERIVATION OF REF I°BLIiITY EQUATIONS 

roallures in complex systems are due to many and varied pro- 
cesses. The Wiebull distribution has been often used and displays 
three distinct areas of interest as follows: 1) the initial portion 
of the distribution demonstrates a decreasing failure rate indica— 
tive of a "wear-in or break-in" period, 2) the constant slove or 
failure rate portion of the distribution which covers a relatively 
large time period, and 3) the final portion of the distribution 
which is characterized by an increasing failure rate indicative of 
"“wear-out or old age" failures. 

Other sources of failures are the induced or Secondary failures 
which occur due to Some other part failing. The besic 2Ssumptions, 
as previously listed, exclude the secondary or induced failures. 
Further, the "burn-in, burn-out" failures are not considered directly. 
reference [ 2 } indicates that, since there are parts Doth installed 
and 8pared which are in various stages of their life cycle, we would 
expect all failure processes to be in evidence and we would there- 
fore be concerned with predicting the average nunber of failures 
which will occur for a given type or configuration of parts. Clearly, 
this leads directly to considering on exponentin! failure distri- 
bution whose constant failure rate represents the average failure of 
the above distribution. This eliminates a considerably more compli- 
cated problem from an already sufficiently complicated situation. 


The Poisson distribution follows directly when considering the 
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number of occurrences of exnonentially distrivuted failures as can 
be readily verified in any basic probability text. Using a failure 
rate Athe parameter of the Poisson Ae CnEtion becomes At (the 
failure rate times a time period t). Using the Poisson distribution 
for a tine period of T and a failure rate A, it is known that the 
Probability of exactly j failures occuring, where the failures are 
indevendent random events, is given by 
P(j) = (at)s omAT ja 0,2,2,00 
js 

Let there be m independent subsystems or applications which use 

the same component part, then, what is the probability that k failures 


occur, if K is the sum of Ny independent events, 1.e., 


ea 


K= ye N. 
L 


ibs 


where N. is a counting function of the number of failures occuring 
in the ion subsystem. The failures in enoch system are assumed to 
be Poisson (AT). 

It is further known that the sum of independent Poisson dis- 
tributed random variables is Poisson with the parameter equal to the 
sun of the individual parameters [18]. Since each N, is independent 
and Poisson distributed, K is Poisson with parameter mAT. Hence 
the probability of k occurrences inm systems is 

P Kel: ] 7 (mar yee sce On lnenies « 
Ie$ 


Now consider m independent subsystems utilizing a particular 
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pert. Each part has an exponential fnilure distribution with pora- 
meter A. Let there be n identical Sonre Dart3 in stock to be used 
to replace any of the m possible failures which might occur during 
the mission period T. Assuning that the time to install ean available 
8nare i8 negligible, it is desired to derive an expression for the 
probability, ee that the Roe (j=l,2,°°*,m) subsystem part will fail 
with no available spores during the nission T. Further consider the 
Recuential and continuous time intervels as shown in Figure 7, such 
that 
1) A is the event thit n-l failures occur during the 
interval (9,t) 
2) Bis the event th:t one failure occurs during the 
interval (t, t+dt) 
3) C is the event th.t nt least one frilure oceurs during 


the intervel (T-t) 


[ 
(one failure) 


3 
L ; ; 
| ; 
A(n-1 failures}) K—C(at least one failure }> 
| | | 


| 
| 
| 


ime 





Figure 7. 
the events A,3,C of Figure 7 are assuned to be independent, and 


hence 


a) Pp [a] = (oxy “Beta 
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b) p[B| = mAdt + o(at) 


where o(dt) —> 0 as dat70 
c) Pf ej =x | — eo A(T-t) 


Therefore, the probability (P) of the (aioe failure occuring 
in part j during the interval (0,T) will be the product of events A, 


B, C, integrated over the interval (0,T), iee., 


T 
P. =| (mat?) mat (eens a imvat 
J n—1] }2 
0 


T 
—m At 


a e m\dt - m At ae eit eo MT-t) m)Adt 
n-1 }83 n—1 )$ 


0 


T T 
a( mje" (mb) at - oe AT (mat )o—" oo Nal )tivae 
n—1 )! n—! )§ 
0 0 


multiplying the second term by = 
m—l 


ar" 


© 


T 
Aemrt matyentat — oT pa (2-1)” = x4)2-2 o-A(m-1 ta, 
(n-1)! (n-1)! 


0) 


T T 
= mae t (arto at ~ ae m (m-1 re~A(m-} yt Ci m—1 )At po at 
n-1)% m—] n—1} )é 
0 0 


It can he shown [19 ] that each of the terms of the above ex- 


pression iS an Incomplete Gama function and can be rewrittens 
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ken j=n 
Therefore the reliability (readiness index of Ps) R(n), 
(the readiness index of the igs part due to n Spares available) 
becomes 


R. ji) 2s» J]l-—-P,=1- pr[ j% Subsystem part fails with no Spares 
J available 


=z | — Pr [ ni S® failure — 


‘a ot (oan) I > (ex ‘_ maT (mr) 


ken j=n Jf 
n-1 o° 
= e mar (mar) + 2 (22 ae ear (m}T )4 
) , : 
a0 k3 ct m jé 


Note that when j=n the first term of the second expression 
becomes 


am AT (aT )" 


n: 
wear onH WEE RAded tel tha-fimet, bananas teen” Lemma on thatoene 


equation becomes 


4% 


n oO 
,= > om (oan) Beit 2 _(*2 |\i-2 omar (mr) 9 
ta i 


Now to find AR. when n+l Spares are available. As derived for 


the ni Spare, the ee for the ree a Spare can he Shown to be 


n+] 

R. j(n+1)= >= A 42 ar) 23 ey ag —(n+1) .-mat (a ar) 
k=0 j=an+2 

therefore 


AR (n+1) = R ,(n+1) ~ R (nm) 


n+l CO 

» ; Satan) . pat —(n+1) (npn) J mA 
fs k$ m ji 
k=0 j=n+2 


x Sete (mt) > ( a J? (marys fae 
ji 
2 


After simplification, 


AR.(n+1) = ee mAT iat of (#1) eo mAT mAT ska 
J n+1)8 m n+l}! 


> ef n—1 eee nat)e ll : A =i)” ete (aa) sae 
ey 
j=n+2 j=n+2 


—m AT 


me 2 {at ime “(S) eat mAT a 
m 2 {at 3 m n+l}! 
Oe 


5 7 \5-8 n\n eae (a JD py jt 
FS pore S py 
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of 
- oe eel Dal ' =-1)** (myn) om ei) 
n n+1)3 im je m 


5 
3 — 
4 
SS 
= 
3 
+ 
_— 
= 
on 
ry 
+ 
— 
+ 
fa, ox 
al} 
pond 
a) 
ry 


(marys eet E -(2:1)| 
ji m1 \n-1/ | 





| 
|= 


om AT m pyar} + m—) J-n (maT) 4 e MAT 1 \n 
m n+1)2 m js -ljm 


° 


jan+e2 


whence 


of 


AR_.(n+1) = ie mar)"*! 4 1 > m1) J-2-} (mar) em AT 
PJ m n+1‘$ m m j: 


jan+2 
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APPENDIX B 
TOTAL DERIVATIVE EQUATIONS FOR METRI BASTC STRUCTURES 


le. Series lModel 


n 
R= R; 
1=] 
n 
OLE aG Re 
a) . isl R 
J J 
n n 
dR = Rh. |dk. 
u “i j 
Ja) i=] ae 


2. Supplemental Model 


n 

R= > K.®. 

u ii 
i=l 


3e Alternate Model 


R= R + KR, | 1-R, | 


R =2#=1 - Kok 
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2 OR, = (1 - KR.) dR, + (Ky - KR) aR, 


4. Collateral Model 
* 
R= R, [ K, a: VES) n. | 


OR, = K, + (1-K,) Ry 
gh” 


tt 
dh, 


e x ai 
2 AR, -[k, + (1-K, ) R, | diy + Rt(-K,) | aR, 


ol 


De 
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